We discuss the Burgers equation and the exact solutions on (1 + 1)-dimensional noncommutative spaces. We obtain the noncommutative version of the Burgers equation which possesses the Lax representation by the Lax-pair generating technique and succeed in the linearization of it by noncommutative version of the Cole-Hopf transformations. We find the simple solutions of the linearized equation exactly and discuss more general solutions by the Weyl transformation. We also present the noncommutative Burgers hierarchy.
Introduction
The extensions of ordinary integrable systems to noncommutative spaces have grown to be one of hot topics in the recent studies and various aspects of the integrabilities have been studied intensively [1] - [22] . Noncommutative theories can be described as deformed theories from commutative ones. The deformation is essentially unique and, in gauge theories, it means physically the presence of the background magnetic fields [23] .
Especially noncommutative (anti-)self-dual Yang-Mills equations have been proved to be important [24] since the great success of noncommutative deformation [25] of ADHM construction [26] of instantons. They are expected to yield various lower-dimensional noncommutative integrable equations by reductions, which is the noncommutative version [15, 19] of Richard Ward conjecture [27] .
Noncommutative spaces are defined by the noncommutativity of the coordinates:
where θ ij are real constants. This relation looks like the canonical commutation relation in quantum mechanics and leads to "space-space uncertainty relation." Hence the singularity which exists on commutative spaces could resolve on noncommutative spaces. This is one of the prominent features of noncommutative theories and yields various new physical objects.
In [15, 19] , we have presented a powerful method to generate noncommutative Lax pairs and obtain various Lax pairs on noncommutative (2 + 1) and (1 + 1) dimensional spaces. Though the integrability of noncommutative Lax equations is non-trivial unlike commutative ones, the generated noncommutative Lax equations actually contain noncommutative integrable equations which possess infinite number of conserved quantities and so on. The noncommutative Lax equations are expected to have good properties in the integrable viewpoints because the noncommutative deformations preserve many good properties of the commutative equations. In order to confirm it more perfectly, it is worth investigating the various integrable aspects, such as, the construction of multi-soliton solutions and so on.
The Burgers equation [28] can be derived from the Navier-Stokes equation and describes real phenomena, such as the turbulence and shock waves. In this point, the 
where ∂ t = ∂/∂t. The technique is a method to find a corresponding T -operator for a given L-operator. This is based on the following ansatz for the T -operator
Then the problem reduces to that for the T ′ -operator and becomes enough easy to solve in many cases. This procedure is called, the Lax-pair generating technique [30] .
This technique can be applied to noncommutative cases [15, 19] . The noncommutative version of the Lax equation (2.1), the noncommutative Lax equation, is easily defined just by replacing the product of L and T with the star product. The star product is defined
The star product has associativity: f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h, and reduces to the ordinary product in the commutative limit θ ij → 0. The modification of the product makes the ordinary coordinate "noncommutative," which means :
In this article, the noncommutativity is introduced as
Let us apply this technique to the noncommutative extension of the Burgers equation.
The L-operator of the Burgers equation is given by
The ansatz for the T -operator is now taken as
which is the case for n = 1 in the general ansatz (2.2). The ansatz for n = 2, 3, . . . gives rise to the Burgers hierarchy, which is discussed in section 4.
Then the noncommutative Lax equation becomes
Here the term u x ∂ x in the RHS of Eq. (2.7) is troublesome because the Lax equation
should be a differential equation without bare derivatives ∂ i . Hence we have to delete this term to find an appropriate T ′ -operator so that the bare derivative term in the LHS of Eq. (2.7) should cancel out the troublesome term in the RHS. In order to do this, we can take the T ′ -operator as the following form: The condition f = 0 is
The solution is A = u. Then the differential equation g = 0 becomes
Taking the dimensions of the variables into account, that is,
hence, [B] = 2, we can take the unknown B as
where a and b are constants.
4
And now finally we get the noncommutative version of the Burgers equation:
In the commutative limit, it reduces to
In general, the appearance of arbitrary constants in the Lax equations means that the equations are not always integrable. Here let us seek for the condition on the constants that the Burgers equations should be linearizable in the next section.
The Noncommutative Cole-Hopf Transformation
In commutative case, it is well known that the Burgers equation is linearized by the Cole-Hopf transformation
Taking the transformation for the Burgers equation (2.12), we get
3 Here we don't consider fractional terms such as u xx ⋆ u −1 and so on. 4 We note that u ⋆ u ≡ u 2 . 5 Here we can set the constant C(t) zero in Eq. (3.2) after the linearization without loss of generality because it can be absorbed by the scale transformation ψ → ψ exp
Hence we can see that only when ac = b − 1, the Burgers equation reduces to the linear equation ψ t = aψ xx . 6 The linearizable Burgers equation becomes
We note that the scale transformations t → (1/a)t and u → (1/c)u absorb the constants a and c in Eqs (3.1) and (3.3), respectively.
This transformation (3.1) still works well in noncommutative case. Then we have to treat the inverse of ψ carefully. There are typically two possibilities to define the noncommutative version of the Cole-Hopf transformation:
In the case (i), we can see that when a + b = 1, c = −1, 
where h i , k i are complex constants. The final form in (3.7) shows that the naive solution on commutative space is deformed by e i 2 ak 3 i θ due to the noncommutativity. If we want to know more general solutions, it would be appropriate to take the Fourier transformation under some boundary conditions. The calculation is the same as the commutative case. 6 Without loss of generality, we can take a > 0. Then the linear equation is just the diffusion equation or the heat equation where a shows the coefficient of viscosity.
7 Here we omit the possibility: a = 0, b = 1 because the noncommutative Burgers equation (2.12) becomes trivial in this case. 8 Here we can also put a > 0 as in commutative case.
In the case (ii), the same discussion leads us to the similar conclusion that when Table 1 .) 
This is consistent with the condition that the matrix Burgers equation should be integrable [31] , which is reasonable because the variable u in the noncommutative deformed Burgers equation can be rewritten as the infinite-size matrix by the Weyl transformation as we see below.
In the commutative limit, the linearizable NC Burgers equation reduces to commutative one (3.3) with c = ±1.
There is another way to find more non-trivial solution for the noncommutative diffusion equation (3.6). Here let us move to another description of the noncommutative theory, the operator formalism, which is equivalent to the deformed description of the commutative theory presented in the previous discussion. The two descriptions are connected one-toone by the Weyl transformation.
Let us introduce the operator formalism on noncommutative (1 + 1)-dimensional space briefly. In this formalism, we start with the noncommutativity of the spatial coordinates (1.1) and define noncommutative gauge theory considering the coordinates as operators.
From now on, we denote the hat on the operators in order to emphasize that they are operators.
Defining new variablesâ,â † aŝ
whereẑ =t + ix,ẑ =t − ix, we get the Heisenberg's commutation relation:
Hence the spatial coordinates can be considered as the operators acting on a Fock space H which is spanned by the occupation number basis |n := (â † ) n / √ n! |0 ,â|0 = 0:
The fields on the noncommutative space depend on the spatial coordinates and are also the operators acting on the Fock space H. They are represented by the occupation number basis as the infinite-size matrix:
f mn |m n|.
If the fields have the rotational symmetry on the plane, namely, commute with the number
2 , they become diagonal:
The fields (3.11) in the operator formalism correspond to the fields f (t, x) in the deformation theory one-to-one by the Weyl transformation aŝ
where
The Weyl transformation preserves the rule of the products. Moreover the differentiation and the integration have the one-to-one correspondences.
Then the noncommutative diffusion equation (3.6) is transformed to
In the operator formalism, the derivative of the operator is defined as
Substituting the general form of ψ (3.11) into (3.15), we get the following recursion relation:
The solution could be obtained by putting some ansatz reflecting the boundary conditions for the considered situations.
If we put the ansatz (3.12) onψ, the recursion relation (3.17) reduces to
This has a special solution: ψ n = ψ 0 for all n which is a trivial solution.
The Noncommutative Burgers Hierarchy
So far, we have discussed the noncommutative Burgers equation taking n = 1 in the ansatz (2.2). Now let us take the other ansatz for the same operator
which yields the noncommutative Burgers hierarchy as the following.
• For n = 1, the noncommutative Lax equation gives the (first-order) noncommutative
Burgers equation (2.12).
• For n = 2, the noncommutative Lax equation gives the second-order noncommutative Burgers equation.
The Lax pair is given by
By substituting this ansatz into the noncommutative Lax equation, then we can take more explicit form on T ′ 2nd-h as
where A, B and C are polynomials of u, u x , u t , etc. In the similar way to the n = 1 case, the unknown polynomials satisfy the following differential equations 5) and the solutions are: 6) where the coefficients a, b, c and d are constants.
Then the last equation of (4.5) yields the second-order noncommutative Burgers equation:
The parameter family of this equation actually contains four integrable evolution equations given in Theorem 3.6 in [31] . However, this time, the linearizable condition • For n = 3, the noncommutative Lax equation gives the third-order noncommutative
By substituting this ansatz into the Lax equation (2.1), then we can take more
where A, B, C and D are polynomials of u, u x , u t , etc and are determined in the similar way to the cases for n = 1, 2 as 10) where the coefficients a, b, . . . , h are constants. Then we can get the third-order noncommutative Burgers equation:
In this way, we can generate the higher-order noncommutative Burgers equations. The ansatz for the n-th order is more explicitly given by 12) where A l are homogeneous polynomials of u, u x , u xx and so on, whose degrees are [A l ] = l + 1. These unknown polynomials are determined one by one as A 0 = nu and so on.
Conclusion and Discussion
In this article, we reported the noncommutative version of the Burgers equation by using the Lax-pair generating technique. We found the noncommutative version of the Cole- The results show that noncommutative Lax equations actually contain integrable equations in the linearizable sense and become good news for the study of noncommutative extension of integrable equations. The second-order noncommutative Burgers equations also imply integrable evolution equations though the linearizable condition is too strict.
We have mainly discussed formal aspects of the noncommutative Burgers equation.
Of course, we have to reveal many other things, the physical meanings, the conserved quantities and so on. The discretization of the noncommutative Burgers equation is also considerably interesting in recent developments of integrable systems. 10 The further study is worth investigating.
The success of revealing the noncommutative Burgers hierarchy suggests the existence of the fruitful world in noncommutative integrable systems. In fact, the noncommutative KdV and KP hierarchy are also obtained by the same technique [15] , which might be the dawn of the noncommutative Sato theory.
